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An approach to multiscale modelling of the hydro-mechanical behaviour of geomaterials in the frame-
work of computational homogenization is presented. At the micro level a representative elementary vol-
ume (REV) is used to model the material behaviour based on the interaction between a solid skeleton
and a pore fluid to provide the global material responses and associated stiffness matrices. Computational
homogenization is used to retrieve these stiffness matrices from the micro level. The global response to
deformation of the REV serves as an implicit constitutive law for the macroscale. On the macroscale, a
poro-mechanical continuum is defined with coupled hydro-mechanical behaviour, relying on the consti-
tutive relations obtained from the modelling at the microscale. This double scale approach is applied in
the simulation of a biaxial deformation tests and the response at the macro level is related to the micro-
mechanical behaviour. Hydromechanical coupling is studied as well as material anisotropy. To be able to
study localization of strain, the doublescale approach is coupled with a local second gradient paradigm
to maintain mesh objectivity when shear bands develop.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The classical approach to modelling hydromechanical coupling
in materials is the poromechanical description, founded on the pi-
oneering work of Biot (1941), in which a solid and a fluid contin-
uum exist at the same material point and the behaviour of both
continua and their interaction are modelled by phenomenologi-
cal relations (for details, developments and a review see Coussy
(1995) and Schanz (2009)). The phenomenological relations of the
poromechanical description are supposed to correctly represent the
interaction between the solid skeleton and the pore fluid, that
could be identified at a microscopic scale. These relations are read-
ily available for cases in which material properties are constant,
but for more complex behaviour, the formulation of constitutive
relations and their implementation in numerical methods becomes
more and more complex. An alternative approach to deriving the
macroscale constitutive relations is to start from the underlying
microstructural description, for which the different components of
the material can be modelled explicitly and the interaction of the
constituents can be defined based on physical considerations.
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In this work, the framework of computational homogenization
is used in the finite element squared (FE2) method. On a mi-
croscale level, the microstructure of the material is modelled in
a representative elementary volume (REV), of which the homog-
enized response serves as a numerical constitutive relations in the
macroscale continuum. This framework was initially introduced
for the modelling of microstructural solids of different nature
(Feyel and Chaboche, 2000; Kouznetsova et al., 2001; Miehe and
Koch, 2002; Terada and Kikuchi, 1995, see also Schroder, 2014 for
an extensive overview) and later extended to multiphysics cou-
plings, starting with thermomechanical coupling by Ozdemir et al.
(2008a); 2008b). Aspects of hydromechanical coupling were stud-
ied using computational homogenization by Massart (Massart and
Selvadurai, 2012; 2014), and doublescale computations with com-
putational homogenization of hydromechanical coupled behaviour
were studied in Mercatoris et al. (2014) and Janicke et al. (2015).

These methods all describe first-order computational homog-
enization schemes, taking into account only the first gradient of
the kinematics fields, which allows the full incorporation of the
separation of scales. This means that the length scale of the
kinematical gradients at the macroscale is much larger than the
microstructural REV, such that the REV represents the material
point behaviour. The result of the separation of scales is that no
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macroscopic length scale can be taken into account and the
method is limited to the classical continuum mechanics theory
(Geers et al.,, 2010). As a result, a continuum approach has to
be maintained at the macroscale throughout the computation. To
overcome these limitations of the classical continuum theory, the
method was extended to second-order computational homogeniza-
tion (Feyel, 2003; Kouznetsova et al., 2004), deriving the classical
part of the constitutive behaviour as well as the higher gradient
part, thereby directly linking the length scales between micro and
macroscale. With these enrichments, objectivity of the solutions
with respect to the mesh was restored at the cost of losing the
separation of scales.

Additional approaches were presented for micromorphic con-
tinua (Jdnicke et al., 2009), while others have abandoned the
macroscale continuum formulation and introduced discontinuous
modes of deformation (Coenen et al., 2011a; Mercatoris and Mas-
sart, 2011; Nguyen et al., 2011; Toro et al., 2014). However, the
application of these discontinuous modes of deformation at the
macroscale could lead to complications in case of multiphase cou-
plings and the restriction to a macroscale continuum is therefore
preferred in this work.

At the macroscale, difficulties arise in the classical formulation
when softening response is to be considered, and the well-known
mesh-sensitivity appears with the loss of ellipticity of the equilib-
rium equations (Pijaudier-Chabot and Bazant, 1987). To restore the
well-posedness of the macroscale problem, an enrichment of the
kinematical constraints is required. This enrichment has to allow
the use of any classical constitutive relation, both for the mechani-
cal and the hydraulic behaviour and its coupling, since the compu-
tational homogenization will provide a constitutive relation in the
most general form.

In this work a computational homogenization approach is in-
troduced for the homogenization of microscale solid-fluid interac-
tion to obtain a macroscale poromechanical description. The mi-
croscale model is based on the work of Frey et al. (2012). It de-
scribes the interaction between the solid skeleton and pore fluid
in a REV, without relying on phenomenological coupling relations
at the microscale. For upscaling the hydromechanical coupled re-
sponse to kinematic loading of the REV, the framework of compu-
tational homogenization (Kouznetsova et al., 2001) is extended to
take into account the hydromechanical coupled behaviour. The re-
sulting numerical constitutive relation is coupled with a local sec-
ond gradient paradigm for hydromechanical coupling (Collin et al.,
2006). With the decomposition assumption between first and sec-
ond gradient parts of the constitutive equations (Chambon et al.,
2001), the continuum can be combined with any classical consti-
tutive relation for hydromechanical coupling.

The paper is structured as follows; Section 2 presents the
macroscale formulation of the poromechanical continuum with
the local second gradient model. Section 3 introduces the frame-
work for the REV derived from the assumption of local periodicity
and introduces the micromechanical model. Section 4 provides the
formulation of the computational homogenization for hydrome-
chanical coupling based on the Hill-Mandel macro-homogeneity
principle to derive the definitions of homogenized macro re-
sponse. An example of the application of the model is given in
Section 5 on the modelling of biaxial compression under transient
conditions. The paper closes with some concluding remarks in
Section 6.

2. Macroscale formulation of the saturated poromechanical
continuum in finite deformation

As it is the ambition to apply the method on localiza-
tion problems with material softening, an enhancement of the
macroscale continuum is required to maintain the objectivity of

the macroscale formulation in the softening domain. Many regu-
larization methods were proposed for this purpose, either based on
a nonlocal averaging (Pijaudier-Chabot and BaZant, 1987), gradient
plasticity theories (Aifantis, 1984) or based on micromorphic me-
dia (Germain, 1973) of which many specific cases can be derived.
The most famous of these cases is the micropolar continuum, bet-
ter known as the Cosserat medium (Cosserat and Cosserat, 1909).
Here, the local second gradient paradigm (Chambon and Caillerie,
1999; Germain, 1973; Matsushima et al., 2002) is chosen, which is
a specific case of micromorphic medium in which the microkine-
matic gradient v is constrained to be equal to the macro dis-
placement gradient du;/0x;. The weak form balance equation can
be written with Lagrange multipliers to avoid the use of C' shape
functions for the displacement fields (Chambon et al., 2001):
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(1

with Wy the external virtual work as an effect of the boundary
traction f and the boundary double traction T. Superscripts ¢ and *
denote quantities at time t and virtual quantities respectively; ais.
are the components of the Cauchy stress tensor, Eitjk are the com-
ponents of the double stress tensor. In addition, the constraint on
the microkinematical tensor v, with components vj;, requires the
additional balance equation with respect to the Lagrange multiplier
fields 2;:
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The balance equation for the fluid part of the problem is formu-
lated without the gradient enhancement. In absence of sink terms
and neglecting gravitational influences, this gives:

it ap* e
/Qr (Mtp —mfaxf>d§2—Re=O (3)

where m! are the components of the fluid mass flux. The exter-
nal virtual work R} is the combined effort of the boundary fluid
mass flux m‘ =m;n; (n; being the components of the boundary
normal outward vector @) and possible sink terms Q. M is the
specific mass of the fluid phase with M its time derivative and
p is the pore pressure. The iterative search to a configuration Qf
for which (1) to (3) hold entails looking for a configuration Q72
that corrects for the residual terms WZ!, TL! and RFL correspond-
ing to (1), (2) and (3) respectively from a preceding test solution
of configuration 7', using a full Newton-Raphson procedure. De-
velopment of the iterative procedure in an updated lagrangian for-
mulation (with respect to configuration 1), leads to the follow-
ing combined expression of iterative update dQ2 between Q7! and
Q72 (see Matsushima et al., 2002 and Collin et al., 2006 for full
details):

[ UGS HUg a2 = —wizd T — 3 @

The column vector [dU?!] contains subsequently the terms

ddut! ddpt! ddvl . .
i p Tl ij 71 Tl 71 .
T dp*!, T dvi’ and dAj’. with d[.]*" the differ

ence between subsequent iterative test solutions [.]7! and [.]*2. The
23 x 23 matrix [E?!] can written as
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with [I4 , 4] the identity matrix. Matrix [Dg . g)] contains the
relation between the double stress %;; and the gradient of mi-
crokinematics dvy,/dxn, for which a linear isotropic relation is for-
mulated in line with the initial work of Mindlin (1965), written for

the Jaumann rate of double stress X:

Zijk = Dijklmna")lm/axn (6)

See Bésuelle et al. (2006) or Collin et al. (2006) for the full matrix
D(s « gy representing the 6th order tensor with components Djjyypn
independent of the material state. The matrices [E1], [Kwum], [Kyw]
and [Kyyy] describe the relation between the classical components
of the hydromechanical coupled relations. They contain both geo-
metrical and rheological terms, the former of which can be found
in Matsushima et al. (2002) and Collin et al. (2006). The rheologi-
cal terms are the consistent linearizations of the constitutive rela-
tions. In the following, they will be written as follows:

G A Bij"| [98uM/dx, salf
Eio  Fi Gi | 398pM/ax { = { smM (7)
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or summarized as [A§7‘X7)]{8U(f71)} = {85?7‘)}, with {U7)} the column
vector of the 7 (in a two-dimensional problem) first order kine-
matical degrees of freedom ViM, VpM and pM at the macroscale
material point and {S7} their dual response terms oM, mM and M.
Spatial discretization of field Eq. (4) is done by means of 8-noded
quadrilateral elements with 4 integration points, using the finite
element program Lagamine (University of Liége, (Charlier, 1987)).
Quadratic shape functions are used for interpolation of the dis-
placement fields, whereas linear shape functions are used for the
fluid problem. An additional 9th node is introduced at the center
of the element to take into account the Lagrange multipliers A,
which are assumed constant over the element. The reader is re-
ferred to Collin et al. (2006) for more details on the specific ele-
ment used at the macroscale.

3. Microscale model for hydromechanical solid-fluid
interaction

On the microscale, the microstructure of the material is defined
by grains, separated by cohesive interfaces. Fluid can percolate in
the pore network that is formed by these interfaces and fluid pres-
sure acts statically on the (impermeable) grains (Figure A.2). This
model was introduced by Frey et al. (2012) in large strain formu-
lation and used to constitute a REV. The homogenized response to
kinematic loading of this REV was used to provide the macroscopic
material point behaviour. However, this model does not comply
with the Hill-Mandel condition of macro homogeneity (Hill, 1965;
Mandel, 1972), which requires the work at the microscale to be
equal to the work at the macroscale.

For the consistent homogenization of the response, the mi-
croscale model by Frey et al. (2012) needed modifications to avoid
non-symmetries in the stress tensors as some inconsistencies with
respect to large deformations prevented the direct application of
computational homogenization of the microscale model. In addi-
tion, the periodic conditions in the presence of fluid pressure gra-
dients and the definition of a stress tensor in the interface cohe-

sive zone under large deformation required modifications of the
microscale model to restore consistency. For these reasons, the fol-
lowing modifications were made;

+ The total microscale fluid pressure in any point inside the REV
is approximated by the macroscale fluid pressure pM under the
assumption of separation of scales. This assumption is required
for the consistent application of fluid-to-solid interaction within
the periodic frame. As a result of this, a fictitious term p de-
fined as p™ = pM + p is used to capture any deviation from the
macroscopic pressure as a result of both the macroscopic pres-
sure gradient VpM over the REV and the microscale spatial vari-
ation of the pore pressure as an effect of the periodic hetero-
geneities. More details are given in Section 3.3;

A small strain formulation is adopted for the description of the
microstructural REV. A decomposition of the macroscale defor-
mation gradient tensor into a stretch and a rotation component
is used to be able to take into account possible large rotations
at the macroscale.

To couple the behaviour of the micro and the macroscale, the
macroscale kinematics needs to be enforced on the REV through
the boundary conditions. It is well-known that for the problems
with elliptic equations underlying the REV boundary value problem
(BVP), the periodic boundary conditions are the most efficient way
to enforce the global kinematics on the REV (Terada et al., 2000;
van der Sluis et al., 2000). Ellipticity of the equations can be lost
when microscale damage or softening behaviour becomes domi-
nant in the homogenized REV behaviour. The microscale kinemat-
ics then looses its periodicity and the homogenized response be-
comes dependent on the size of the REV as demonstrated by Bilbie
et al. (2008) for the model under consideration.

The use of periodic boundary conditions beyond the point of
loss of ellipticity leads to a material response in which the peri-
odic frame is an inherent part of the homogenized response, first
of all by defining an artificial internal length with respect to spa-
tial repetitions of the micromechanical fracture pattern and sec-
ondly by the orientation-dependency of this internal length. Early
developments of enhancement of the boundary conditions to deal
with the loss of periodicity were suggested in literature, see for
example (Coenen et al.,, 2011a; 2011b; Nguyen and Noels, 2014;
Toro et al., 2014). In this work, no further enhancement is made
to deal with the loss of periodicity. As a result, the periodic condi-
tions are present in the homogenized response and as such intro-
duce an REV size dependency in macroscopic softening behaviour.
Further development of the boundary conditions, including consis-
tency with respect to hydromechanical coupling, remains an unre-
solved problem.

The hydraulic problem at the microscale is formulated under
steady-state conditions. Steady-state conditions are consistent with
the separation of scales because the characteristic time of the fluid
flow at the microscale is much smaller that the characteristic time
of fluid flow at the macroscale. This assumption could be discussed
if several characteristic times at the small scale would coexist, like
for a double porosity model or a time dependent mechanical be-
havior.

3.1. Formulation of the REV periodic BVP

Two types of kinematics fields are used; those on the
macroscale (u{."’,p"/’) and those on the microscale (ul", p™). The
macroscale kinematics fields are considered continuous, whereas
the micromechanical displacement fields u" is generally discon-
tinuous and should therefore be treated as piecewise differen-
tiable. Discontinuities in the displacement fields are restricted to
the grain interfaces, such that N continuous subdomains 2, can
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microscale

macroscale

Fig. 1. Zoom on the deformed local periodic microstructure in a deformed
macroscale domain. Homologous points x* and x" on periodic boundary segments
dQL and dQF are as a distance of yt.

be identified. These subdomains are separated by interfaces, defin-
ing surface domain I" and the boundaries of these subdomains are
either the external domain boundaries 02 or internal boundaries
0Qn;, spatially coinciding with I'. With these definitions, diver-
gence theorem leads to

qum
i du:/ uf"n»ds+/ ul"n;ds (8)
o, 0X; 0 s

n=1.N

with 7 the outward normal vector either to the grain boundary
02, or to the REV boundary 9€2 .

Subdividing the internal boundaries into upper and lower parts
of the interface walls 852,;{ and 9€2;,, with corresponding displace-
ments ul.+ and u; between which the discontinuity can be defined
as Au; = u,.+ —u; allows rewriting (8) into (9) with domain I" and
il defined along 092 ., Q¢ the domain of continuous solids as an

”
assembly of the donl]nains Qpand Q =Q°UT.

Vi — l( VLT’“dV+/ NG ®ﬁ*d5)
Q \Jqe r
1
= — u™ @ ndS 9
G g (9)

with n;” the normal outward vector of dQ2; and I' the surface do-
main of the grain interfaces, which is one-dimensional in the 2D
computations in this work.

For microscale hydraulic pressures p™, no discontinuities exist
and the following can be written:

1 1
vM:f/vmav:f/ miids 10
I AL q /.7 (10)

In the doublescale framework, ViM, VpM and pM, will be used
as the macroscopic constraint on the global state of the REV and
therefore are equal to ViM-71, VpM 71 and pM 71, These kinematic
variables are part of the macroscale kinematic state vector U?! in
(4) for assessing the equilibrium of trial solution [.]?!. This means
that the boundary conditions will be consistent with the implicit
formulation of the Newton-Raphson iterative scheme for solving
the macroscale BVP of Section 2.

The coupling between the two domains is obtained by means
of the assumption of local periodicity of both the microstructure
and the kinematics. Homologous points on the REV boundary are
found at a distance y and periodicity of kinematics prescribes an
identical behaviour of these points. Introducing lead points x and
follow points xF as the homologous points on opposite sides of the
REV (see Fig. 1), their kinematics can be related to meet (9) and
(10):

am(xF) = am (L) + Vi -y (1)

P = p"(xhH) + VM .y (12)

fluid-saturated
interface opening

.o
r

Fig. 2. microscale modelling concept.

with it = —af. This leads to

1

Vasz/ Vi . 7) @ i dS 13
o 3QF( ¥) (13)
1

VpM = = VM .y) o afds 14

=g mF( p"-y) (14)

The periodic REV implies the continuation of the material in a
repetitive way, such that a continuity of both strain (or relative dis-
placement in case of interfaces) and stress is guaranteed. As a con-
sequence, the REV boundary traction £ and boundary fluid fluxes

q =i - f are antiperiodic, as to provide a combined equilibrium:
ff+it=0 (15)
¢ +q- =0 (16)

The definition of the periodic conditions for hydraulic fluxes re-
quires a steady-state assumption of the microscale problem. This
assumption is in line with the separation of scales.

3.2. The microscale mechanical problem

The continuous subdomains introduced above are used to
model the granular skeleton of the material. The grains are as-
sumed to be elastic and characterized by an isotropic, linear elas-
tic constitutive relation. Their internal balance equation (V - ¢ = 0)
is solved by means of a finite element discretization using 4-node
isoparametric quadrilateral finite elements, which need no further
discussion. The interface between two grains is modelled by means
of interface elements to take into account the cohesive traction T
acting normally and tangentially between the grains (Figure A.2).
4-node interface elements with initially zero thickness are used
(see Fig. 4). Normal and tangential cohesive forces are defined in-
dependently, using a simplistic damage law dependent on param-
eters 7}'}7,;1" (the maximum cohesive force tangential (;) or normal
(n) to the grain boundary), 0 < Dy, < 1 (the relative degradation
of the interface) and (Sf/n (the relative interface displacement for
complete degradation of the cohesive forces). Interface state pa-
rameters D; and D; take into account the history of the relative
displacement between the opposite sides of the interface:

D = max (Df. |Auf|/5f) (17)

DL = max (DY, Aug/85) (18)

where D? and DY are two model parameters defining the state of
initial degradation and thereby the initial interface stiffness. The
state variables D! and D!, at time t for the normal and tangential
components individually allows writing the equations for the in-
terface cohesion (see also Fig. 3):

t
Aug

Ttt — Ttmax(] _ DDDt(SC
tet

(19)
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tangential interface =
cohestion Ty(Au,) T

normal interface [
cohestion T,(Au,)
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Fig. 3. Linear damage model for interface cohesion components T; and T,.

t max t Ault‘l : t
T, = T,"*(1 _D”>Df80 if Aupy >=0
n¥n
max ey Aup £2 ; t
=T7"*(1-Dy) — X Auj, if Auy, <0 (20)

Dié5

This model is equivalent to the linear softening models used for
cohesive zones in for example (Geubelle and Baylor, 1998). For Dy,
D — 0 this model converges to the linear softening model by
Camacho and Ortiz (1996). It should be noted that the presented
model does not take into account any relation between normal
and tangential components. As a result, frictional effects are not
accounted for at the grain interfaces and damage can take place
in each component individually. Nevertheless, mean stress depen-
dency of strength can be found as an effect of the imbrication of
the grains. This first-version model of the interface cohesive forces,
consistent with formulations in Frey et al. (2012); Marinelli et al.
(2016), can be changed for physically more meaningful constitutive
relations without affecting the modelling framework.

The additional term —y Aut? for Aut, <0 is used to take into
account normal contact of grains by means of penalization. The pe-

physical interface
element

nalization term x should be taken large to obtain physically rele-
vant contacts with a minimum of interpenetration of grains, but
not too large so to maintain the numerical accuracy of the system
of equations to be solved.

Numerical integration and taking into account the fluid pres-
sure acting normally on the grain boundaries allows deriving the
element equivalent nodal forces and assembling the element stiff-
ness matrices. This leads to the global system of equations for the
mechanical part of the microscale model:

(K HOumy} = {38 fmy } (21)

This system of equations is used as the auxiliary system of
equations [K™M™¢1]{duél} ~ —{df¢1} to iteratively update the con-
figuration {u¢1} by iterative increment {du¢!} = {u¢2} — {u¢1}. The
updated state {u¢2} aime to correct for out-of-balance forces {df¢!}.
Note that the variation of the hydraulic normal forces on the grain
interfaces is not taken into account in this auxiliary system of
equations. As an effect of the separation of scales, the microscale
fluid pressure p™ is approximated by the macroscale fluid pres-
sure pM 71 (see Section 3.3). This means that the hydraulics-to-
mechanics coupling is enforced on the microscale in a direct way
and the microscale granular configuration can be computed inde-
pendent from the hydraulic problem, while maintaining the im-
plicit formulation of the framework.

3.3. The microscale fluid problem

As introduced above, the microscale pressure is split into two
parts to take into account variations in pressure gradients and vari-
ations in absolute pressure independently at the microscale:
p"=p"+p (22)
Under the assumption of separation of scales the two right hand
terms will be of different orders of magnitude. This implies that
pM can be used for all (variations of) the total value of p™, whereas
p can be used whenever gradients of p™ are considered, either en-
forced by the macroscale gradient VpM or due to microstructural
heterogeneity.

The pore channel network formed by the grain interfaces al-
lows fluid to be transported as a reaction to a pressure gradient.
For defining a relation between the interface configuration and the
pressure gradient on one hand and the fluid mass flux on the
other, the assumption on the channel shape and the type of flow is
required. As the model is developed in 2D, an assumption of steady
state laminar flow between smooth parallel plates is made. As a
function of the fluid viscosity u, the well-known cubic relation be-
tween fluid mass flux in the channel w, the interface opening Auy
and the pressure gradient dp/ds can be derived at a certain posi-
tion s in the channel:

A

dp 12 3
— _ W — _ —
w =—p"K(s) IS’ Kk (s) m Auy (23)
A5
4) ' ®3)
X oo X-- o>
(1) ip1 P2 (2) §1

- - ) €
(1) ip1 P2 (12) 1
hydraulic channel parent element

Fig. 4. Interface element with corresponding mechanical interface and hydraulic channel parent elements in local coordinate system &;, &,.
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t 0 t
Au, = Au,’+ Au,

Au,=Au,m"

....... Auhm\n

trans
Au,

Au, []

Fig. 5. Definition of the relation between normal interface opening Au, and hy-
draulic equivalent interface opening Auj,.

The coupling term « is here given as a function of Auy, which
is defined by the normal opening of the interface Au, and contains
a small correction to avoid negative-thickness or zero-thickness in-
terface openings as this would lead to non-physical interface flow
properties or numerical instabilities respectively. The translation
from Auy, to Auy is performed as follows:

Aup(s) = AuM™ — Aull™™ + Aup(s)

_ min
= Auy

if Aup > Autrns
if Au, <= Aut™s
(24)

Two control parameters Au;l”i” and Aul’ are introduced in this
way, controlling indirectly the initial and minimum permeability of
the material by guaranteeing continuous flow paths even in case
of closed interfaces from a mechanical point of view (Fig. 5). The
minimum permeability is a simplistic way to take into account the
bulk permeability of undamaged material of low permeability, in
which flow can take place through some permeable solid compo-
nents. In this case, the homogenized permeability of the REV can-
not be smaller than the bulk permeability of the intact material.

Fluid compressibility is taken into account, although the spatial
variation of fluid density within the REV can be neglected because
of the separation of scales. This means that the fluid density is a
function of the macroscale pressure p™ 1:

W w p
p" = py’ exp (25)
kw

where o’ is the fluid density at zero fluid pressure and k" the
fluid bulk modulus. With the fluid density constant over the chan-
nel and mass conservation in the channel (dew /ds = 0) taken into
account, (23) can be integrated over the length of an interface ele-
ment (between [1 and [2, see Fig. 4), leading to the

w 12 1 -1 . R

the first part of the right hand side (26) is captured in a singe term
¢! to characterize the fluid transport in channel I, containing both
fluid density and channel conductivity:

¢'(p? - ") =o' (27)
With the fluid mass balance taken into account in each interface
element, the domain fluid mass balance can be completed for the
full domain by considering the nodal fluid mass balance g, with the

nodes positioned on the intersection of interface channels. Defin-
ing the element system of equations as

1 Y 511
4107 20

allows assembling the global system of equations to solve the hy-
draulic system of equations

[Kimsery {P )} = {dm)} (29)

where the nodal mass balance of each node i under steady state
conditions requires q;) = 0. Enforcing the REV boundary conditions
(11),(12) and (15),(16) to (29) allows solving the hydraulic system
of equations directly. This gives the relative pore pressure distribu-
tion field p™!, from which the fluid mass fluxes can be determined
using the fluid density based on pM?!, The microscale hydraulic
system for macroscale test solution t1 is hereby solved corre-
sponding to microscale mechanical configuration based on {u™ 1},

4. Computational homogenization for hydromechanical
coupling

4.1. Homogenized response

Hill-Mandel principle of macro-homogeneity (Hill, 1965; Man-
del, 1972) serves as the starting point of the coupling between the
micro and macroscale. It states that the work performed at the
macroscale is equal to the average work of the microscale:

1
M
wM = W/ﬁwmdv (30)

With the assumption of decoupling between first and second gra-
dient parts (Chambon et al., 2001), WM considers the work of the
first gradient part. The work of the second gradient part is ac-
counted for by the second gradient constitutive relation (see (1)).
It is straightforward to write the virtual work of the first gradi-
ent part at the macroscale corresponding to a virtual displacement
field uy:

ouM
WM = O’iM !
J an

(31)

Given an equilibrated microscale configuration (V.o =0), with
the microscale displacement field uf" piecewise differentiable and
using the previously introduced definitions of domains and bound-
aries, the internal and external virtual work can be written for the
subdomains as (see Section 3.1):

e
wem = / o a”l aQ + / (T, - ) Au™ds
Qc Xj r

= / tu™ds (32)
aQ

Y L 33
—/mlaxj;vjs (33)

Note that for meeting the requirement of macro homogeneity, the
small strain assumption was adopted to overcome the definition
problems of stress and strain states in and around the interfaces
at the microscale. For (30) to hold, this means that the macroscale
stress tensor o™ is defined as follows:

1

A similar derivative of transport problems leads to the definition
of a homogenized response of microscale diffusive flow or the
combination of diffusive and pore channel flow; see for example
(Ozdemir et al., 2008a; 2008b) for thermal flux or (Massart and
Selvadurai, 2012; 2014) for fluid flux. In this work, only interface
channel flow is considered, although a combination of interface
channel flow and diffusive flow in the grains could be taken into
account in the exact same formulation (van den Eijnden, 2015).
Similar to (30) for the mechanical part of the work, the macroscale
virtual work term R*M related to the variation of pressure gradients
has to be equal to its microscale equivalent:

RM =R (35)
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with
v ap*M

WM _ )
R = mi = (36)

On the microscale, the residual of the field equations over the REV
domain QREV is expressed as:

1 ap* ap*
*M __ . -
R™ = < /Q ™ dv+/rw oo ds (37)
1 * § *
elel ar

where the first term on the right hand side exists in case of dif-
fusive flow in the grains and where Xyrw the sum of the fluid
flux imbalance in the interfaces, which is non-zero where interface
channels join the REV boundaries. This expression can be further
simplified using the antiperiodicity of the fluid fluxes:

Rm— 1 f min;yids + Y @y ap (39)
QREV dQF e Y ! 8X,‘

Restriction to a microscale model with impervious grains allows
defining the macroscale flux from the macro homogeneity condi-
tion as:

1
mM = T Z @y, (40)
aTr

Finally, the specific fluid mass M is defined using spatially constant
fluid density p":

M= l,o""/ Auyds (41)
Q r

4.2. Tangent stiffness matrix by computational homogenization

A general formulation of the variation of nodal response (df;,
8q) to a variation of nodal kinematics (§u;, §p) at the microscale
can be formulated for the discretized microstructure, without con-
sidering the REV boundary value problem:

h
Kemxny  Kimsm) 8P m) 3q(m)
n and m are here the number of mechanical and hydraulic de-
grees of freedom respectively. Although in general, all terms in the

matrices of (42) can be non-zero, it is easily verified that in the
case of the micromechanical model presented above, [K™ |=

(nxm)

[0(nm)]- The matrices [K{'™ ] and [K{’r’;xm)] are provided by the
systems of equations used to solve respectively the mechanical
and hydraulic microscale balance equations. Matrix [KFHTXH)] con-
tains the coupling terms, which were not required for solving the
microscale field equations, but can be derived from the partial
derivatives of the coupling term « (23) from which the variation of
fluid mass flux with respect to a variation of nodal positions (i.e.
8K/8ulf'°d‘f) is used to assemble this matrix for the coupling from
mechanics to hydraulics.

To take into account the variation of the macroscopic fluid pres-
sure pM (which is constant while solving the microscale problem)

the variation of the microscale pressure is split into two parts:
Sp™ =8pM +8p (43)

with §pM the variation of the macroscale local fluid pressure and
6p the variation due to the macroscale fluid pressure gradient (en-
forced by the boundary conditions of (12)) and the microkinematic
fluctuation field p/. This means that the variation §p™ and §p are
independent.

For including the boundary conditions of the REV boundary
value problem, 7 additional degrees of freedom for the macroscale
boundary conditions (8Vi,5Vp, §p) can be added to the system
described in (42).

08U/ 9% 4 O
d8pM/0x; 5, 02

K] sp t =1 Mg, (44)
St 8 fm
8Pm) 8qm)

where the extended matrix [K®] has the following form:

[O@xay  Oux2)  Oux1y  Owxmy  Ogaxm) |
Oexay  0Opx2y  Oaxy  Oaumy  O@um
Oaxay  Oaxzy  Kitqy  KiT  Ocm (45)
Omxty  Omxzy  KQoqy  KGT Oam

_O(mx4) O(mxz) KPrﬁxl) Kélrlr?xn) K(hr’r:xm)_

Matrices [I(%’il)], and [K%’Tn)] form the linearization of the re-

lation between M, p™ and the microscale configuration character-
ized by {ug,} around the current state, as defined in (41). As part

of this linearization, [K%”;])] is fully defined by the current pore

volume and the derivative of (25) with respect to pM. The bound-
ary condition with respect to the total macroscopic pressure is
hereby taken into account in (45).

The boundary conditions for Vii™ and VpM have not yet been
taken into account in this expression. To do so, the periodic bound-
ary conditions are used to reduce the dependent degrees of free-
dom {8uf} and {8pF} through substitution by the periodic boundary
conditions of (11) and (12). This entails a column operation in the
matrix of (44), redistributing the columns related to the follow de-
grees of freedom over the lead degrees of freedom and the macro
degrees of freedom. This means that the first 6 columns of the ma-
trix are filled. The substitution of the follow degrees of freedom
by the periodicity equations reduces the number of variables in
the system of equations to 7 + n' + m!, with n' and m! the number
of mechanical and hydraulic independent (those not on the follow
boundary) degrees of freedom respectively.

For the reduction of the number of equations, the equations for
antiperiodic traction (15) and (16) are used to evaluate the com-
bined nodal balance of the degrees of freedom on homologous
nodes. At the same time, the equations of the homogenized re-
sponse (34) and (40) are used to provide the dual terms for the
variation of strain and pressure gradient in the upper six equations.
The result is a reduced system of equations with independent me-
chanical and hydraulic degrees of freedom:

MM M M

K& K& K& 08U 85(7)
*mM *

Kty Ko Owoamy | § 8uey ¢ =10 ¢ (46)
s«hM «h «hh B, . *

K(mix7) K(m?;n") I<(mfxmf) Sp(ml) Sq(mi)
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with

dsul!
Xy

dsul!
0X;

osull
0X1

{0Uq)} = { 2ouf (47)
Xy

aspM
0X1

aspM

00Xy

SpM

and
8(711

8012
809
{057)} = { do2 (48)
omy
omy
M

As the system of equations is build for an equilibrated configu-
ration of the microstructure, the nodal residuals f and g* are
approximately zero. These nodal residuals include the combined
nodal balance of homologous points. This allows to condense the
system of equations in (46) by static condensation on the remain-
ing 7 macro degrees of freedom:

[A|{oU} = {35} (49)
with

1
[A*] = [K*MM] _ [K*Mm K*Mh] |:K i 0 i|

K*hm K*hh

K*mM
X I:K*hMi| (50)
A final transformation is needed to change from a formulation
of [A*] for variation of fluid mass M to a formulation [A] for varia-

tion of the rate of change of the fluid mass SM. For the incremental
time step At in the macroscale BVP, M is computed as

. Mt — Mt-At
M=—— 1
AL (51)
This leads to the expression of M
e
M = — 52
AL (52)

The transformation of [A*] into [A] therefore comprises dividing
the seventh row of [A*] by At. As a result, matrix [A] contains all
tangent operator terms in (7) and thereby fully characterizes the
classical part of the constitutive relations for the poromechanical
continuum presented in Section 2. In this form, the classical part
of the constitutive relations shows similarities with the formula-
tion of Biot theory. Section 5.5 contains a further discussion on this
topic.

The microscale routine for deriving the macroscopic response
and consistent tangent operators for a given macroscale configura-
tion as presented above is summarized in Fig. 6.

4.3. Small stretch / large rotation

In order to meet the requirements of the continuity of stress at
the microscale, which is compromised by the cohesive zone mod-
els at the grain interfaces in case of large deformations, a small

microscale routine

! state history 1

+ ¢ E {x+2, {Dmt}i

vuMn pMT1

____________ -
T

1

1 macroscale kinematics

1 1
M1 MT1

VT v/ S

1

N-R loop
mechanical
v/ A system

| state update
T
G, P (D)

in f
GM {Xﬂ}, {DT1}

fluid system M

m™ Aeﬁ”

== === == - - ¢ (

| macroscale response |

. o™ m™ N L homogenization:

1 ‘A 1 static condensation
(7x7) '

Fig. 6. Schematic representation of microstructure routine for solving the REV
BVP and deriving the consistent tangent operators for the local kinematics of a
macroscale trial 72 to solution Q. Passing of some microscale internal variables
(global systems of equations,...) not shown. After (van den Eijnden, 2015).

strain assumption is used on the microscale. To meet the large
strain formulation of the macroscale as well as possible, the prin-
ciple of frame-invariance is used to be able to take into account
possible large macro rotations. This is done by decomposing the
macroscale deformation gradient tensor FV into a rotational com-
ponent R and a symmetric stretch component U:
M M [REV

Fij = RikUkj (53)
The rotation is equally applied to the transition of the macroscale
pressure gradient:

VMp = RUVRE (54)

Macroscale stretch tensor UREY (assumed approximately identical
to the identity matrix) and VREVp are used for describing the
boundary conditions of the REV ((11) and (12)), after which the
homogenized response is rotated back to the macroscale using ro-
tation tensor RV. The back-rotation in the upscaling is applied on
both REV stress response oREV and fluid mass flux response mREV:

M _ pM _REV pM
0 = Ryoy "Ry, (55)

mi! = R}fm~®Y (56)

The rotation of the consistent tangent stiffness matrices are not
frame-objective and require a more extensive operations, which
can be found in Appendix A. This procedure can be considered as
a separate operation between the macro and microscale and will
not be mentioned explicitly hereafter.

5. Application in doublescale modelling of biaxial compression
tests

5.1. Microstructure modelling

Based on Voronoi tesselation of random periodically repeated
sites, a periodic microstructure is generated (Fritzen et al., 2009).

Voronoi diagrams were proposed to represent brittle rocks such
as granite (Massart and Selvadurai, 2012), shale (Yao et al., 2016),
marble (Alonso-Marroquin et al., 2005) and also clay rock (van den
Eijnden, 2015), although the Voronoi diagram does not always
match the geometry of the microstructural pattern perfectly. The
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eREV

Fig. 7. Definition of the angle of REV rotation 6% to control the orientation of the
microstructure with respect to the macroscale domain.

main objective of generating the microstructure from Voronoi dia-
grams is to have user-objective realizations of unstructured grain
assemblies, versatile enough to control the orientation distribu-
tion. In future applications, Voronoi tessellation can be replaced
by more advanced algorithms to reproduce the specific material
microstructure under consideration, see for example (Sonon et al.,
2012).

By stretching and rotating the distance functions of the tessella-
tion, a bedding can be simulated through the grain shape with pa-
rameters B2 for the orientation of the bedding plane with respect
to the horizontal and & for the average elongation index of the in-
dividual grains. In addition, a shape correction is applied to avoid
Voronoi diagrams with very short grain boundary sections. This
correction is based on the optimization of the position of vertices
that form the connections of the grain boundary sections with re-
spect to the minimum of the sum of the diagram section lengths.
Given the set of N section lengths [ with n = 1..N, defined by M
vertices with coordinates x* and m = 1..M, the quadratic sum L of
diagram sections is defined;

N
L= am? (57)
n=1

The coordinates of the vertices corresponding to a minimum of L
(referred to as ™) are solved for to smoothen the shape of the
grains and allow a better spatial discretization by means of finite
elements. This minimum is found by solving the 2M equations:

dL
— =0 58
o (58)
Once the optimized solution x™" is found, a linear combination be-
tween the original Voronoi vertices X and the optimized vertices
XM is taken by means of a parameter 0 < n < 1:

x—unertex _ (-l _ n)x—g + n)z;nin (59)

A rotation angle OREV is introduced to define the orientation of
the REV with respect to the macroscale sample (see Fig. 7). This
rotation allows studying the structural response of samples with
different orientations of the anisotropy, which itself is a material
property inherently linked to the microstructure under considera-
tion.

The representativeness of the microstructure is an argument for
a high number of grains to be taken into account in the REV, in
line with the classical definition of the REV. Arguments for smaller
REVs come from the computational load that comes with the eval-
uation of larger REVs; the time required for solving the microscale
BVP scales quadratically with the number of degrees of freedom in
its discretization. This requires a compromise between represen-
tativeness of the REV and the computational load to be accepted.
However, localized damage patterns that develop in the softening

Table 1
Microscale constitutive properties for the microstructural REV
in Fig. 8.
Microscale solid constitutive parameters
" =3.00 GPa A =2.00 GPa
Microscale interface constitutive parameters
Tmex =500 MPa T,max =200 MPa
8¢ =0.05 mm 85 =0.05 mm
DY =0.01 DY =0.01
Aufrns - =-0.02 um Ayt =0.02 um
Grain geometry parameters
%— =167 ﬁbed = 0°

n =020

regime can introduce a specific number of localization paths per
REV, the spacing of which is in direct relation with the choice of
the number of grains. Therefore, this choice influences the soft-
ening response of the REV. In a first attempt, a relatively simple
REV with 16 grains is used and no attempt is made to determine
its representativeness. The influence on the softening response is
thereby considered as part of the constitutive behaviour.

The stiffness of the grains is homogeneous over the REV with
Lamé parameters @ = 3.0 GPa and A = 2.0 GPa. Identical param-
eters are used for the normal and tangential components of the
interface cohesion and all interfaces have the same cohesive rela-
tions. This means that any anisotropy in the macroscale response is
due to the geometry of the microstructure and the orientation of
the boundary conditions rather than a phenomenological expres-
sion in the microscale constitutive relations.A horizontal elongation
of 67% (i.e. £ = 1.67 and B4 = 0°). Grain shape correction is ap-
plied with 1 = 0.20 to avoid a highly irregular distribution of grain
boundary section lengths. For guaranteeing a well-posed hydraulic
system of equations and a minimum permeability of the material,
the coupling between the interface hydraulic opening is charac-
terized by Au" =2 x 107> mm and Auf® = -2 x 10> mm ac-
cording to (24). For the given microstructure at OREV = 0°, this cor-
responds to the following initial permeability tensor;

1 — [2.652

0.062

?'ggg} « 10-20m2 (60)

The parameters for used to characterize the microscale compo-
nents of the material are summarized in Table 1.

5.2. Macroscale configuration and boundary conditions

A biaxial compression test of a fully saturated sample of di-
mensions 38 x 76 mm is simulated. Drainage is applied on the
top and the bottom of the sample, the sample sides are impervi-
ous. A deformation-controlled loading rate of §; =1 x 1078 s~ is
applied, which for the initial permeability of the material corre-
sponds to transient conditions. The sample ends are considered to
be perfectly smooth to simulate a biaxial compression test with-
out friction between the end platens and the sample (see Fig. 8).
No lateral confinement is applied and the initial total stress and
fluid pressure are zero. The macroscale domain is discretized by
a regular mesh of 10 x 20 square quadrilateral elements. Defects
are introduced on the macroscale mesh by reducing the maximum
cohesion terms T"® and T/"® by 5% for the microstructures in el-
ements of the lower left and right corners. As there is no unique-
ness of solution when strain localization starts (Bésuelle et al.,
2006; Chambon and Moullet, 2004), the weakened elements con-
stitute an attractor towards one of the possible localized solutions.
Defects in both lower corners has been prefered to a single defect
in one of the lower corners, to keep the symmetry with respect
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Fig. 8. Left: 16-grain microstructural REV with grain shape anisotropy & = 1.67 and
bedding orientation B¢ = 0°. Right: macroscale configuration and boundary con-
ditions.

to the vertical axis of the specimen; the material anisotropy itself
introduces a dissymmetry of the specimen and is expected to be
influenced by either one of the two defects.

5.3. Mesh objectivity and second gradient model calibration

Regularization of the solution is through the local second gradi-
ent model for poromechanical problems (Collin et al., 2006), pro-
viding mesh-objective solutions. As a special case of the more gen-
eral form initially introduced by Mindlin (1964), sixth-order tensor
D in (6) is here fully characterized by a linear elasticity parameter
D [N]. This parameter implicitly scales the width w of the shear

band as w « /D/C, where C is the determinant of the acoustic
tensor and therefore depends on the first gradient operator C in
(7) and the orientation of the band (Bésuelle et al., 2006; Chambon
et al., 1998; Kotronis et al., 2008). With an evolving and anisotropic
first gradient operator C, the width of the localization band and
the effectiveness of regularization is difficult to predict accurately.
The parameter D is therefore determined iteratively in a series of
calibration computations. As a result of this, D = 1.0 kN is found
to give mesh-objective results in case of strain localization for the
mesh density used in the examples below.

It has to be emphasized that the local second gradient model is
here deployed purely as a regularization technique and the double
stress does not represent the microstructural effects in the way it
does in the formalism of micromorphic continua. In analogy with
this, the width of the macroscale shear bands has no physical con-
nection with the microstructural length scales. Note that the con-
stitutive parameters could be adjusted to reproduce the true band
thickness of the material (El Moustapha, 2014). However, the bands
can be very thin with respect to the size of the problem and would
need some very thin elements, increasing dramatically the number
of elements. As a result of the phenomenological formulation of
the second gradient model, the macroscale shear band has to be
seen as a continuous, homogenized representation of a localization
of micro-cracks or a fault.

To demonstrate the mesh objective results obtained through
regularization by the second gradient model, a series of biaxial
compression tests is performed. This series corresponds to the BVP
introduced in Fig. 8 for microstructure orientation OREV = 60°. In
addition to the 10 x 20 reference mesh in later computations, a
coarser mesh (5 x 10 elements), a finer mesh (20 x 40 elements)
and an unstructured mesh (247 elements) are used. The deformed
mesh with the corresponding VM equivalent strain fields are pre-
sented in Fig. 9(b), (a), (e) and (c) respectively. The white lines in-
dicate the cross-section of the shear band as it developed in the
10 x 20 mesh. Length and position of the line are kept the same
for the four subfigures to properly compare the width and location
of the shear bands in the different meshes. It can be concluded
that from the consistent width of the shear band and the general
agreement of strain localization patterns, the model is mesh objec-
tive at least for the 10 x 20 and 20 x 40 meshes. The 5 x 10 mesh
in 9(a) shows a small deviation from the other meshes and might
suffer from some minor mesh dependency, particularly around the
reflection of the shear band at the lower sample boundary. Some
artifacts from extrapolation and smoothing in plotting the strain
field are visible in 9(c). Nevertheless, the general pattern of strain
localization is consistent between the four meshes with equal pa-
rameters D, demonstrating the mesh-objectivity of the model.

Fig. 9(d) and (f) show the deformed meshes of computations
with parameter D = 250 N and D = 4000 kN respectively. Compar-
ison with the deformed meshes for D = 1000 N demonstrates the
relation between parameter D and the length scale of macroscale
response (the width of the shear bands). To facilitate a more fair
comparison of the shear bands, deformed meshes are shown for
different levels of nominal axial strain but approximately equal
state of local deformation inside the shear bands. For D =250 N
in 9(d) this means to a nominal axial strain of &, ~ 0.4%, whereas
the nominal axial strain in 9(f) reaches ¢, = 0.7%. With the width
of the bands in 9(d) and (f) being respectively two times as small
and two times as large as width of the shearband in 9(e), the re-
lation between D and shearband width w is demonstrated at least
in an approximated way.

5.4. Simulation results

Simulations are conducted with different orientations of the
microstructure by means of different REV orientations OREV, Fig. 10
shows the global reaction force to deformation loading in four of
such simulations. The responses for different values of OREY show
orientation-dependency of the initial material stiffness, the mate-
rial strength (peak response) and the softening behaviour.

Fig. 11 contains the deformed meshes at the macroscale with
Von Mises equivalent (VM) strains and relative fluid fluxes, to-
gether with a deformed microstructural REV corresponding to an
integration point inside the zone of localized strain. The deforma-
tion pattern at the macroscale shows localization of the deforma-
tion in shear bands.

Inspection of the fluid flux field as the response to the biaxial
compression shows the general trend of fluid transport towards the
active localization bands. This behaviour is in line with the positive
pore volume rate due to the separation of the grains at the inter-
faces. This causes an under pressure and therefore an influx of pore
fluid in the zones of localized.

The lower part of Fig. 11 shows the deformed microstructures
of an integration point inside the shear band of each of the simu-
lations, indicated in the deformed mesh by the points A. It is im-
portant to observe here that the orientations of the patterns of in-
terface softening at the microscale do not necessarily align with
the shear bands at the macroscale.

To demonstrate the coupling between the deformation and the
fluid transport properties, a point that shows strong evolution of



A.P. van den Eijnden et al./International Journal of Solids and Structures 97-98 (2016) 475-488 485

d)
0 VMstrain _ 0.05
elements D [N] ¢, elements D [N] ¢,
a) ox10 1000 0.5% d) | 20x40 250  0.4%
b) | 10x20 1000 0.5% e) 20x40 1000 0.5%
c) 247 1000 0.5% f) 20x40 4000  0.7%

Fig. 9. Deformed domains at &, = 0.5% for different mesh densities (a) and different second gradient parameters D (b). Displacements multiplied x 10.
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Fig. 10. Nominal stress response to unconfined biaxial compression for different
microstructural REV orientations.

permeability is investigated during the simulation with OREY = 30°
(Point C in Fig. 11). A reference point far away from the zone of
localized deformation is studied as a reference point (Point D in
Fig. 11). The deformed microstructures for these points at the end

of the simulations are given in Fig. 12. They show a different mode
of deformation than observed at point A in Fig. 11 because differ-
ent loading paths are followed as soon as the homogeneous defor-
mation of the sample is lost; a more continuous network of opened
interfaces has developed in point C, leading locally to a signifi-
cant increase in permeability (2 orders of magnitude). The prin-
cipal components of the permeability tensor k; and k, for points
C and D are followed during the simulation and their evolutions
are given in Fig. 13. It can be observed that the evolution at points
C and D are identical until ¢4 ~ —0.006, at which a softening re-
sponse starts (see Fig. 10). At higher states of axial shortening of
the sample, the localized deformation forms zones with strongly
increasing permeability (point C), as more continuous fluid perco-
lation paths appear with the opening of interfaces. However, due
to the two-dimensionality of the model, the evolution of perme-
ability is restricted compared to three dimensional model, as the
required contacts between grains under compressive loading pre-
vents the development of fully continuous flow paths.

5.5. Closing remarks

The macroscale formulation in Section 2 is the formulation of
a general poromechanical continuum under saturated conditions.
Therefore a comparison with the formulation of Biot theory can
be made. Marinelli et al. (2016) modelled oedometric compression
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Fig. 12. Deformed microstructures at the end of the simulation for points C and D, indicating the preferential directions of permeability dictated by the continuous flow
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Fig. 13. Evolution of the principal components of the permeability tensor k; and k;
at points C and D in the 6 = 30° biaxial test.

tests under poroelastic conditions with an adapted version of the
model by Frey et al. (2012). The comparison with the analytical so-
lution of the Biot theory demonstrates that the model is capable of
reproducing consolidation processes. Although a different homog-
enization approach was used, the same tangent operators as given
in (7) were derived in Marinelli et al. (2016) to make a compari-
son with Biot coefficients (Biot, 1941). Biot coefficient b is demon-
strated to be strongly influenced by the relative stiffness of the
interfaces with respect to the grain stiffness. As a result, b tends
to be close to 1 in most cases of microstructure characterization.
This value decreases with an increasing stiffness of the interface
relative to the grains. Also, anisotropy and the dependency of the
current state of the microstructure are present in the homogenized
response. This leads to deviations from the classical Biot theory, in
which parameters are generally constant and isotropic. With the
given examples in this work and the results of Marinelli et al.
(2016) it can be concluded that the model can be applied in the
simulation of granular solids and capture consolidation processes
at least for values b close to 1.

In the given examples, dimensions of the REV were not spec-
ified explicitly. This is consistent with the doublescale framework
from a mechanical point of view since all microstructure dimen-
sions can be expressed relative to the REV. This means that the
mechanical part of the model can be applied independent from
the grain size. However, the translation from interface openings to
hydraulic conductivity (Eqs. (23),(24)) defines a hydraulic interface
opening relative to the fluid viscosity, which introduces a length
scale in the formulation of the hydraulic system. This indirectly in-
troduces REV dimensions. In the presented examples, the REV di-
mensions were defined as 1 mm x 1 mm. Although the validity of
the separation of scales in this example could be argued, the only
point in which the definition of the REV size has a significant in-
fluence, apart from the conceptual consistency, is in the (evolution
of) the permeability. In case of future applications in which dimen-
sions of grain size and interface cohesion parameters are both de-
fined in an absolute sense, the dimensions of the REV have to be
defined explicitly and the separation of scales has to be verified for
conceptual consistency of the modelling approach.

The computation time for the presented doublescale examples
is mainly determined by the total loading steps required for ap-
plying the desired loading path. With the computation time for a
single macroscale iteration in the order of 1 min, the total compu-
tation time for the presented simulations, performed with a single
CPU, was between 10 h and 1 day as many small loading steps
were required to obtain proper convergence of the NR iterative
scheme in the post-peak domain.

6. Conclusions

In this paper a FE2 approach for the modelling of hydrome-
chanical coupling was presented. The behaviour of a poromechan-
ical continuum at the macroscale is derived from the modelling
of the underlying interaction between a solid granular microstruc-
ture and the pore fluid. The extension of the framework of com-
putational homogenization to hydromechanical coupling was de-
rived from the macro homogeneity condition for the work of the
first gradient part of the model. For the modelling of softening be-
haviour, the multiscale model was combined with a local second
gradient paradigm to avoid the well-known mesh dependency of
the classical finite element while maintaining decoupled from the
(local) constitutive relations of the first gradient part.

The application of the doublescale model for hydromechani-
cal coupling in combination with a local second gradient model
is demonstrated to be suitable for the modelling of localization
problems with hydromechanical coupling in a transient domain.
The results are a good prospective on obtaining a general way of
modelling material anisotropy, hydromechanical coupling and a full
history dependency, based on simple micromechanical constitutive
relations with consideration of the material microstructure.

Acknowledgments

The first author thanks the French national radioactive waste
management agency (Andra) for financial support. Denis Caillerie
is thanked for his contribution to Section 3. The laboratory 3SR is
part of the LabEx Tec 21 (Investissements d’Avenir - grant agree-
ment n°’ANR-11-LABX-0030).

Appendix A. Rotation of the consistent tangent operators

The 7 x 7 consistent tangent operator introduced in (7) is re-
peated here without reference to coordinate system []M or [JREV.

Gju A Bij7] [9duy/0x doj;
Ew F G |{08p/ox = |dm; (A1)
Hy i L dp SM

The computational homogenization delivers the tangent operators
in [JREY although the macroscale computation requires all tangent
operators in [JM. The objective rotation from configuration [|fEV to
[IM related to the decomposition of the macroscale deformation
gradient tensor F into stretch U and rotation R demands the fol-
lowing operations for the different parts of the tangent operator:

Cf}”kz = RiniﬂCst‘;s 83[;;6

+ %I;Z o X Rig + Rig0 S5’ 831;2? (A2)
Al = RiuRjpRi, ALY, (A3)
BY = RiuBys Rip (A4)
EM = mREv %i:,i +RigEays %LF;S (A5)
E' = RigRpy B (A6)
GV = Ry GRE (A7)
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U
HYf = HiY = F:f (A8)

IV = RigJREV (A9)
M _ [REV (A10)
with:
aU,, s 10R
BFLI/‘I/I N Ea_ekl((‘sﬂ = 8,1)8,5U12) + 81851Ru
1 0R
Ea_ekl((l — 5;/8)(812U11 - 811U22)) (A'ﬂ)
and
dRiy _ 1 3Ry Ry (A12)

9F, I, 90 06
where [; is the first strain invariant tr(U), §;; is the Kronecker delta
and 6 is the angle of rotation represented by R.
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